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ABSTRACT
The aim of this short paper is to present a general method of
using background knowledge to impose constraints in conceptual clustering of object-attribute relational data. The
proposed method uses the background knowledge to extract
only particular clusters from the input data—those which
are compatible with the background knowledge and thus
satisfy the constraint. As a result, the method allows for
extracting less clusters in a shorter time which are in addition more interesting. The paper presents the idea of constraints formalized by means of closure operators and introduces such constraints to a particular clustering technique,
namely to formal concept analysis. Among the benefits of
the presented approach are its versatility (the approach covers several examples studied before, e.g. extraction of closed
frequent itemsets in generation of non-redundant association
rules) and computational efficiency (polynomial time-delay
algorithm for computing constrained clusters). Due to scope
limitations, we present the main ideas only. Details will be
available in a full version of this paper.
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FCA Notions We assume that the reader is familiar
with formal concept analysis (FCA [1]): A formal context
is denoted by hX, Y, Ii (i.e., I ⊆ X × Y , elements x ∈ X
and y ∈ Y are called objects and attributes, respectively;
hx, yi ∈ I indicates that object x has attribute y). For
A ⊆ X, A↑ = {y ∈ Y | for each x ∈ A : hx, yi ∈ I} (set
of all attributes shared by all objects from A) and, dually,
B ↓ = {x ∈ X | for each y ∈ B : hx, yi ∈ I}. A formal
concept in hX, Y, Ii is a pair hA, Bi of sets A ⊆ X (extent) and B ⊆ Y (intent) such that A↑ = B and B ↓ = A.
A subconcept-superconcept relation is a partial order ≤ on
the set B(X, Y, I) = {hA, Bi | A↑ = B, B ↓ = A} of all formal concepts of hX, Y, Ii defined by hA1 , B1 i ≤ hA2 , B2 i iff
A1 ⊆ A2 (iff B2 ⊆ B1 ). A concept lattice of hX, Y, Ii is the
set B(X, Y, I) equipped with ≤ (it is indeed a complete lattice). Fig. 1 represents a formal context with food products
as objects and food additives as attributes. The objectattribute relation I ⊆ X × Y represented by crosses × indicates whether a food product x ∈ X does or does not contain an additive y ∈ Y . The corresponding concept lattice
B(X, Y, I) is depicted in Fig. 2 (top left) using the usual labelled line diagram. For instance, the node with label 7 represents a formal concept hA, Bi = h{4, 7, 8, 9, 15, 21}, {a, c}i.
A concept lattice is the main output in FCA which is used
for subsequent data analysis of data processing.
Problem and Main Idea On of the main challenges
in FCA is how to handle the usually large number of formal concepts in a concept lattice. The idea put forward
in this paper is based on utilizing a background knowledge
which a user may have about the input data. It is often the
case that the user has some additional information (background knowledge) about the input data hX, Y, Ii which lets
him conclude that certain formal concepts from B(X, Y, I)
are relevant (interesting, or compatible with the background
knowledge) while others are not. For instance, the user may
be interested only in formal concepts which contain a sufficiently large number of objects, or which include certain
prescribed attributes. In such a case, the user is in fact not
interested only in a possibly small part of the concept lattice
B(X, Y, I) rather then in the whole B(X, Y, I). The challenge
consists in devising an appropriate method for treating user
background knowledge. We put forward the idea that several types of user background knowledge may be represented
by closure operators. Below, we outline a formal treatment,
results, and provide illustrative examples. Related work will
be reported in the full version of this paper.
Formal Treatment, Results, Examples Recall that
a closure operator in Y is a mapping C : 2Y → 2Y sat-
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Figure 2: Concept lattices of data from Fig. 1.
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Figure 1: Formal context. Legend: objects = food products, attributes = food additives (E322: lecithin; E330: citric
acid; E440: pectin; E471: mono- and diglycerides; E476: polyglycerol polyricinoleate; E500: sodium carbonates).

isfying B ⊆ C(B); B1 ⊆ B2 implies C(B1 ) ⊆ C(B2 );
C(C(B)) = C(B). In our approach, a user background
knowledge is represented by a closure operator C in Y and
a formal concept hA, Bi is considered “interesting” (compatible with background knowledge) if the intent B is C-closed,
i.e. B = C(B). Examples of C are provided below.
Definition 1. Let C be a closure operator in Y . A set
B ⊆ Y is called a C-interesting if B = C(B). We put
BC (X, Y, I) = {hA, Bi ∈ B(X, Y, I) | B = C(B)}.
hA, Bi ∈ BC (X, Y, I) are called C-concepts (A and B
are called C-extents and C-intents). ExtC (X, Y, I) and
IntC (X, Y, I) denote the set of all C-extents and C-intents,
respectively.

W
Theorem 1. BC (X, Y, I) is a complete W -sublattice of
B(X, Y, I). Conversely, every complete
-sublattice of
B(X, Y, I) is of the form BC (X, Y, I) for some C.

define sets Bj ⊆ Y (j ∈ N0 ) by

B,
Bj =
C(Bj−1 ↓↑ ),

if j = 0,
if j ≥ 1.

Define an operator cl : 2Y → 2Y by
S
cl (B) = ∞
j=0 Bj .
Theorem 2. Let hX, Y, Ii be a formal context, C be a
closure operator in Y . Then cl is a closure operator such
that fix(cl ) = IntC (X, Y, I).
Required Attributes: having(Z) C defined by C(B) = B∪Z is
a closure operator. C-interesting concepts then need to contain all attributes from Z. For instance, C = having({a, d}),
BC (X, Y, I) consists of concepts representing “products containing lecithin and mono- and diglycerides”, see Fig. 2 (topleft).
Required Minimal Support: min-support(s) For a nonnegative integer s (support), C defined by C(B) = B if
|B ↓ | ≥ s and C(B) = Y otherwise, is a closure operator. Extents of C-interesting concepts contain at least s
objects (note that the extents are just the closed frequent
itemsets [3]). The case of C = min-support(5) is depicted in
Fig. 2 (top-right).
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BC (X, Y, I) may be computed directly (without computing the whole B(X, Y, I)) using existing algorithms for computing fixpoints of closure operators [2] due to the following
result (details postponed to full version). For any B ⊆ Y
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