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Abstract. This note describes a method for computation of non-redundant bases of attribute implications from data tables with fuzzy attributes. Attribute implications are formulas describing particular dependencies of attributes in data. A non-redundant basis is a minimal
set of attribute implications such that each attribute implication which
is true in a given data (semantically) follows from the basis. Our bases
are uniquely given by so-called systems of pseudo-intents. We reduce
the problem of computing systems of pseudo-intents to the problem of
computing maximal independent sets in certain graphs. We outline theoretical foundations, the algorithm, and present demonstrating examples.
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Introduction and Problem Setting

Fuzzy attribute implications are formulas of a form “if A then B” which describe
particular dependencies in data tables. Among all the implications which are true
in a given table, there is a lot of them which are trivial and a lot of them which
can be removed since they are entailed by the others. Therefore, it is desirable to
look for methods for obtaining non-redundant bases, i.e. minimal sets of attribute
implications such that all implications which are true in a given data table
semantically follow from the basis. In case of data tables with binary attributes
(tables containing 0’s and 1’s), an algorithm for computation of non-redundant
bases is known, see [8,10]. For data tables with fuzzy attributes (tables containing
degrees, e.g. reals from [0, 1]), non-redundant bases of implications determined
by so-called systems of pseudo-intents are described in [4,7]. For a particular
case when a hedge (a unary logical function used in the deﬁnition of validity of
attribute implications) is a so-called globalization, there is a unique system of
pseudo-intents and an algorithm for the computation of the corresponding nonredundant basis was presented in [4]. The present paper shows an algorithm for
getting systems of pseudo-intents for general hedges. Due to the limited scope
of this paper, we postpone all proofs to a forthcoming paper.
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Fuzzy Attribute Logic (Preliminaries)

In this section we survey notions of fuzzy attribute logic, for more details
see [4,5,7]. We use residuated structures of truth degrees [2] and the usual notions of fuzzy logic and fuzzy sets. A residuated structure of truth degrees will
be denoted by L. Let Y be a ﬁnite set of attributes. A (fuzzy) attribute implication is an expression A ⇒ B, where A, B ∈ LY (A and B are fuzzy sets of
attributes). The intended meaning of A ⇒ B is: “if it is (very) true that an object has all attributes from A, then it has also all attributes from B”. A data
table with fuzzy attributes [4,5,7] is a triplet T = X, Y, I where X is a set
of objects, Y is a ﬁnite set of attributes, and I ∈ LX×Y is a binary L-relation
(fuzzy relation) between X and Y assigning to each object x ∈ X and each attribute y ∈ Y a degree I(x, y) to which x has y. T can be seen as a table with
rows and columns corresponding to objects x ∈ X and attributes y ∈ Y , respectively, and table entries containing degrees I(x, y). For fuzzy set M ∈ LY
of attributes, we deﬁne a degree ||A ⇒ B||M to which A ⇒ B is true in M by
||A ⇒ B||M = S(A, M )∗ → S(B, M ), where → is residuated implication (in
L), ∗ is a hedge, and S(A, M ) denotes degree of subsethood of A in M , for details see [2,4,5,7,11]. A row of a table T corresponding to an object x ∈ X can
be seen as a fuzzy set Ix of attributes to which each y ∈ Y belongs to a degree
Ix (y) = I(x, y). Given T = X, Y, I, we deﬁne degree ||A
 ⇒ B||X,Y,I to which
A ⇒ B is true in (each row of ) T by ||A ⇒ B||X,Y,I = x∈X ||A ⇒ B||Ix . Let T
be a set of fuzzy attribute implications. M ∈ LY is called a model of T if, for each
A ⇒ B ∈ T , ||A ⇒ B||M = 1. The set of all models of T is denoted by Mod(T ).
A degree ||A ⇒B||T to which A ⇒ B semantically follows from T is deﬁned by
||A ⇒ B||T = M∈Mod(T ) ||A ⇒ B||M . T is called complete (in T = X, Y, I)
if ||A ⇒ B||T = ||A ⇒ B||X,Y,I , i.e. if, for each A ⇒ B, a degree to which T
entails A ⇒ B coincides with a degree to which A ⇒ B is true in X, Y, I. If T is
complete and no proper subset of T is complete, then T is called a non-redundant
A↑ ∈ LY , B ↓ ∈ LX by
basis (of T = X,
For A ∈ LX , B ∈ LY, we deﬁne
 Y, I).

↑
∗
↓
A (y) = x∈X A(x) → I(x, y) , B (x) = y∈Y B(y) → I(x, y) . Operators
↓ ↑
, form so-called Galois connection with hedge [6], composed operator ↓↑ is a
fuzzy closure operator. The (lattice-ordered) structure of all ﬁxed points of ↓↑ is
called a fuzzy concept lattice (induced by T ), see [2,3,6]. Given T = X, Y, I,
a system of fuzzy sets of attributes P ⊆ LY is called a system of pseudo-intents
of T if for each P ∈ LY we have: P ∈ P if and only if P = P ↓↑ and, for each
Q ∈ P such that Q = P , ||Q ⇒ Q↓↑ ||P = 1. The following property of systems
of pseudo-intents was proved is [7]: if P is a system of pseudo-intents of T then
T = {P ⇒ P ↓↑ | P ∈ P} is a non-redundant basis of T . Therefore we focus on
computing of systems of pseudo-intents.

3

Computing Non-redundant Bases

For T = X, Y, I we deﬁne a set V of L-sets (fuzzy sets) of attributes by
V = {P ∈ LY | P = P ↓↑ }.

(1)
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If V = ∅, we deﬁne a binary relation E on V by
E = {P, Q ∈ V | P = Q and ||Q ⇒ Q↓↑ ||P = 1}.

(2)

In this case, G = V, E ∪ E −1  is a graph. For any Q ∈ V and P ⊆ V deﬁne
the
 following subsets of V : Pred(Q) = {P ∈ V | P, Q ∈ E}, and Pred(P) =
Q∈P Pred(Q).
Theorem. Let L be a finite residuated structure of truth degrees, ∗ be any
(truth-stressing) hedge, T = X, Y, I be a data table with fuzzy attributes (with
truth degrees in L), P ⊆ LY , V and E be defined by (1) and (2), respectively.
Then the following statements are equivalent.
(i) P is a system of pseudo-intents;
(ii) V − P = Pred(P);
(iii) P is a maximal independent set in G such that V − P = Pred(P).
The Theorem gives a way to compute systems of pseudo-intents. It suﬃces
to ﬁnd all maximal independent sets in G and check which of them satisfy
additional condition V − P = Pred(P). If ∗ is globalization on ﬁnite L, for each
T there is exactly one system of pseudo-intents, see [4,7], which can also be
found by the graph procedure but we can take advantage of a special nature of
globalization: in order to ﬁnd the basis, it suﬃces to traverse through the nodes
of a graph in lexical order (details are postponed to the full version of the paper).

4

Example and Conclusions

Let L be a three-element L
 ukasiewicz chain with L = {0, 0.5, 1}. Consider a data
table T given by Fig. 1 (left). The set X of object consists of objects “Mercury”,
“Venus”, . . . ; Y contains four attributes: size of a planet (small / large), distance
from the sun (far / near). If ∗ (hedge) is deﬁned so that 1∗ = 1 and a∗ = 0 for all
a < 1 (so-called globalization), there is a unique system of pseudo-intents, see [4].
If, for each a ∈ L, a∗ = a (i.e., ∗ is identity), we obtain two distinct systems of
pseudo-intents (denote the systems by P1 and P2 ), both consist of four elements.
Fig. 1 (right) contains the incidence matrix of relation E ⊆ V × V deﬁned by (2).
For brevity, the elements of V are denoted by numbers 0, . . . , 42. White box on
a position P (row) and Q (column) indicates that P, Q ∈ E; gray box means
P, Q ∈ E, “ ” (“×”) indicates that Q ∈ P1 (Q ∈ P2 ) and P ∈ Pred(Q).
Non-redundant bases T1 and T2 given by P1 and P2 are the following:
T1 = {{n} ⇒ {0.5/s, n}, {f, 0.5/n} ⇒ {0.5/l, f, 0.5/n},
{l} ⇒ {l, f, 0.5/n}, {s, 0.5/l, 0.5/f } ⇒ {s, 0.5/l, 0.5/f, 0.5/n}},
T2 = {{n} ⇒ {0.5/s, n}, {f, 0.5/n} ⇒ {0.5/l, f, 0.5/n},
{l, 0.5/f } ⇒ {l, f, 0.5/n}, {s, 0.5/l, 0.5/f } ⇒ {s, 0.5/l, 0.5/f, 0.5/n}}.
If L is a three-element Gödel chain with identity, we get two distinct systems
of pseudo-intents with various sizes. Experiments with randomly generated data
have shown that sparse data tables usually lead to larger amount of bases and
the bases themselves are greater than in case of tables with average density.

Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune
Pluto

size
distance
small (s) large (l) far (f ) near (n)
1
0
0
1
1
0
0
1
1
0
0
1
1
0
0.5
1
0
1
1
0.5
0
1
1
0.5
0.5
0.5
1
0
0.5
0.5
1
0
1
0
1
0
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Fig. 1. Data table with fuzzy attributes and the corresponding V and E
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